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A MODEL OF THE TWISTED K-THEORY RELATED TO BUNDLES OF
FINITE ORDER
A.V. ERSHOV
Abstract. In the present paper we propose a geometric model of the twisted K-theory related
to elements of finite order in H3(X, Z) × [X, BBSU⊗]. For this purpose we consider the monoid
of endomorphisms of the direct limit of matrix algebras which acts on the space of Fredholm
operators, the representing space of K-theory, in such a way that this action corresponds to the
multiplication of K(X) by elements of finite order. Being well-pointed and grouplike, this monoid
has the classifying space which is the base of the universal Dold fibration. This allows us to define
the corresponding twisted K-theory as the group of homotopy classes of sections of the associated
fibration of Fredholm operators.
Introduction
The complex K-theory is a generalized cohomology theory represented by the Ω-spectrum
{Kn}n≥0, where Kn = Z× BU if n is even and Kn = U if n is odd. K0 = Z× BU is an E∞-ring
space, and the corresponding space of units K⊗ (which is an infinite loop space) is Z/2Z× BU⊗,
where BU⊗ denotes the space BU with the H-space structure induced by the tensor product of
virtual bundles of virtual dimension 1. Twistings of theK-theory over a compact space X are clas-
sified by homotopy classes of maps X → B(Z/2Z×BU⊗) ≃ K(Z/2Z, 1)×BBU⊗ (where B denotes
the functor of classifying space). The theorem that BU⊗ is an infinite loop space was proved by G.
Segal [18]. Moreover, the spectrum BU⊗ can be decomposed as follows: BU⊗ = K(Z, 2)×BSU⊗.
This implies that the twistings in K-theory can be classified by homotopy classes of maps
X → K(Z/2Z, 1) × K(Z, 3) × BBSU⊗. In other words, for a compact space X the twistings
correspond to elements in H1(X, Z/2Z) × H3(X, Z) × [X, BBSU⊗], [X, BBSU⊗] = bsu
1
⊗(X),
where {bsun⊗}n is the generalized cohomology theory corresponding to the infinite loop space
BSU⊗.
Twisted K-theory (under the name “K-theory with local coefficients”) has its origins in
M. Karoubi’s PhD thesis [10] and in paper of P. Donovan and M. Karoubi [6], where the case of a
local coefficient system α ∈ Z/2Z×H1(X, Z/2Z)×H3tors(X, Z) was studied. The case of general
(not necessarily of finite order) twistings from H3(X, Z) was considered by J. Rosenberg in [16].
A modern survey on this subject (including historical remarks) is given in [11]. A very accessible
introduction to the subject is also given in [19].
The twisted K-theory corresponding to the twistings coming from H1(X, Z/2Z) × H3(X, Z)
has been intensively studied during the last decade, but not the general case (as far as the author
Partially supported by the joint RFBR-DFG project (RFBR grant 07-01-91555 / DFG project “K-Theory,
C∗-algebras, and Index theory”).
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knows). It seems that the reason is that there is no known appropriate geometric model for
“nonabelian” twistings from [X, BBSU⊗].
In the present paper we make an attempt to give such a model for elements of finite order in
H3(X, Z)× [X, BBSU⊗].
For this purpose we consider the monoid of endomorphisms of the direct limit of matrix al-
gebras Mkl∞(C) := lim
−→
m
Mklm(C) (the limit is taken over unital homomorphisms). More pre-
cisely, in the infinite algebra Mkl∞(C) we fix an increasing filtration by unital subalgebras
Aklm ⊂ Aklm+1 ⊂ . . . , Aklm ∼= Mklm(C) such that Aklm+1 = Ml(Aklm) and consider endomor-
phisms of Mkl∞(C) that induced by unital homomorphisms of the form hm,n : Aklm → Aklm+n
(for some m, n), i.e. that are of the form Ml∞(hm,n). Such endomorphisms form the topological
monoid End(Mkl∞(C)) which is homotopy equivalent to the direct limit Frkl∞, l∞ := lim
−→
m,n
Frklm, ln,
where Frklm, ln = Homalg(Mklm(C), Mklm+n(C)) is the space of unital ∗-homomorphisms of ma-
trix algebras, and the limit is not contractible for pairs {k, l} such that (k, l) = 1. Note that
Frk, 1 = PU(k), i.e. for m = n = 0 we return to the known case of abelian twistings of finite order
(which is described in the next section). Furthermore, the monoid End(Mkl∞(C)) naturally acts
on the space of Fredholm operators and this action induces the multiplication ofK(X) by elements
of order k. Moreover, the monoid End(Mkl∞(C)) is well-pointed and grouplike and therefore it
has the classifying space which is the base of the corresponding universal principal fibration (in
the sense of Dold, i.e. with the WCHP).
In fact, “usual” (abelian) twistings of order k correspond to automorphisms of Mkl∞(C) (which
form the group lim
−→
m
PU(klm) because of Frklm, ln = PU(kl
m) for n = 0) while nonabelian ones
correspond to general endomorphisms. Note that these endomorphisms act on the localization of
the space of Fredholm operators over l by homotopy auto-equivalences, i.e. they are invertible in
the sense of homotopy.
This paper is organized as follows.
In Section 1 we give a review of standard material about twisted K-theory related to twistings
from H3(X, Z). The definition is based on the conjugation action of the projective unitary group
PU(H) of a separable Hilbert space H on the space of Fredholm operators Fred(H), the repre-
senting space of complex K-theory. This action induces the action of the Picard group Pic(X)
on K(X) by group automorphisms (Theorem 1). We also consider the specialization of this con-
struction to the case of twistings of finite order in H3(X, Z) because precisely this particular case
we are going to generalize in what follows.
In Section 2 we study the spaces of unital ∗-homomorphisms of matrix algebras Frklm, ln which
will play in the subsequent consideration the same role as the groups PU(k) for twistings of finite
order in H3(X, Z).
The key result of Section 3 is Theorem 17 which can be regarded as a counterpart of The-
orem 1. It states that in terms of the representing space Fred(H) the multiplication of the
K-functor by (not necessarily line) bundles of finite order k can be represented by some maps
γklm, ln : Frklm, ln ×Fred(H)→ Fred(H).
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In order to organize the particular maps γklm, ln for different m, n in a genuine action on Fred(H)
we should take the direct limit lim
−→
m,n
Frklm, ln . It turns out that this limit naturally is a topological
monoid, and we give its precise definition in Section 4. In Section 5 we investigate its action on
K-theory.
Since Frkl∞, l∞ := lim
−→
m,n
Frklm, ln is a well-pointed grouplike topological monoid, it has the classi-
fying space BFrkl∞, l∞ which is the base of the universal principal Frkl∞, l∞-fibration. This allows
us to define the corresponding twisted K-theory as the set of homotopy classes of sections of the
associated fibration with fiber the space of Fredholm operators. We do this in Section 6.
In Section 7 we sketch an approach via (a homotopy coherent version of) bundle gerbes.
In Section 8 we define maps BFrktl∞, l∞ ×BFrkul∞, l∞ → BFrkt+ul∞, l∞ and the corresponding
generalization of the (finite) Brauer group.
Sections 9 and 10 contains some results concerning homotopy types of considered spaces, in
particular, a calculation of homotopy groups of End(Mkl∞(C)) (which clarifies the origin of the
condition (k, l) = 1).
Acknowledgments: I am grateful to Professor E.V. Troitsky for all-round support and very
helpful discussions. A number of related questions were discussed with Professors A.S. Mishchenko,
Thomas Schick and Georgy I. Sharygin and I would like to express my gratitude to them.
1. Twisted K-theory related to twistings from H3(X, Z)
In order to establish the relation with the subsequent construction of more general twistings,
we begin with a review of the standard material about twisted K-theory with twistings from
H3(X, Z).
Let X be a compact space, Pic(X) its Picard group consisting of isomorphism classes of line
bundles with respect to the tensor product. The Picard group is represented by the H-space
BU(1) ≃ CP∞ ≃ K(Z, 2) whose multiplication is given by the tensor product of line bundles
or (in the appearance of the Eilenberg-MacLane space) by the addition of two-dimensional in-
teger cohomology classes. In particular, the first Chern class c1 defines the group isomorphism
c1 : Pic(X)
∼=
→ H2(X, Z). The group Pic(X) is a subgroup of the multiplicative group of the ring
K(X) and therefore it acts on K(X) by group automorphisms. This action is functorial on X
and therefore it can be described in terms of classifying spaces (see Theorem 1).
As a representing space for K-theory we take Fred(H), the space of Fredholm operators on the
separable Hilbert space H. It is known [2] that for a compact space X the action of Pic(X) on
K(X) is induced by the conjugation action
γ : PU(H)× Fred(H)→ Fred(H), γ(g, T ) = gTg−1
of the projective unitary group PU(H) of the Hilbert space H on Fred(H). The precise statement
is given by the following theorem (recall that PU(H) ≃ CP∞ ≃ K(Z, 2)).
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Theorem 1. If fξ : X → Fred(H) and ϕζ : X → PU(H) represent ξ ∈ K(X) and ζ ∈ Pic(X)
respectively, then the composite map
(1) X
diag
−→ X ×X
ϕζ×fξ
−→ PU(H)× Fred(H)
γ
→ Fred(H)
represents ξ ⊗ ζ ∈ K(X).
Proof see in [2]. 
It is essential for the theorem that the group PU(H) has the homotopy type of the classifying
space for line bundles CP∞ and from the other hand its conjugation action on Fred(H) induces
the action of the Picard group on K(X).
In order to define the corresponding version of K-theory consider Fred(H)-bundle F˜red(H) →
BPU(H) associated (by means of the action γ) with the universal principal PU(H)-bundle over
the classifying space BPU(H) ≃ K(Z, 3) for PU(H), i.e. the bundle
(2)
Fred(H) // EPU(H) ×
PU(H)
Fred(H)

BPU(H).
Then for any map f : X → BPU(H) the corresponding twisted K-theory Kf (X) is the set (in
fact the group) of homotopy classes of sections [X, f ∗F˜red(H)]′ (here [. . . , . . .]′ denotes the set of
fibrewise homotopy classes of sections). The group Kf(X) depends up to isomorphism only on
the homotopy class [f ] of f , i.e. in fact on the corresponding cohomology class in H3(X, Z) called
the Dixmier-Douady class.
Remark 2. Although the isomorphism class of the twisted K-theory group only depends on the
twisting class in H3(X, Z), it is important to note that this isomorphism is not natural, but that
instead one has a natural action of H2(X, Z) on such isomorphisms1 [5].
In this paper we will consider twistings of finite order, in the abelian case they are related to
subgroups PU(k) ⊂ PU(H), k ∈ N.
Remark 3. It is not true that for every α ∈ H3(X, Z) such that kα = 0 there exists a PU(k)-
bundle with Dixmier-Douady class α: in general one has to consider all groups PU(kn), n ∈ N. For
example, for k = 2 there is no factorization K(Z/2Z, 2) → BPU(2) → K(Z, 3) of the Bockstein
map K(Z/2Z, 2)→ K(Z, 3) (otherwise applying the loop functor we obtain the factorization from
Remark 6 below which clearly does not exist [1]).
Let B(H) be the algebra of bounded operators on the separable Hilbert space H, Mk(B(H)) =
B(H⊕k) the matrix algebra over B(H) (of course, it is isomorphic to B(H)), Mk(C)→ Mk(B(H))
the inclusion induced by the inclusion of the unit C→ B(H), 1 7→ Id . Thereby U(k) is a subgroup
of the unitary group Uk(H) of the algebra Mk(B(H)), and we have the injective homomorphism
(3) ik : PU(k) →֒ PUk(H),
where PUk(H) is the projective unitary group on H
⊕k (of course, PUk(H) ∼= PU(H)).
1The author is grateful to Thomas Schick who pointed me out to this important fact.
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The group PU(k) is the base of the principal U(1)-bundle
(4) U(1)→ U(k)
χk→ PU(k).
Let ϑk, 1 → PU(k) be the complex line bundle associated with (4) (we introduce the subscripts in
ϑk, 1 for unification with the subsequent notation). Analogously, PU(H) is the base of the universal
principal U(1)-bundle
U(1)→ U(H)→ PU(H).
Let [k] be the trivial Ck-bundle over X .
Proposition 4. If a line bundle ζ → X satisfies the condition
(5) [k]⊗ ζ = ζ⊕k ∼= X × Ck,
then its classifying map ϕζ : X → PUk(H) ∼= PU(H) can be lifted to a map ϕ˜ζ : X → PU(k) (see
(3)) such that ik ◦ ϕ˜ζ ≃ ϕζ , and vice versa. In particular, ζ ∼= ϕ˜
∗
ζ(ϑk, 1).
Proof. Extend exact sequence (4) to the right to fibration
(6) PU(k)
ψk→ BU(1)
ωk→ BU(k).
In particular, ψk : PU(k)→ BU(1) ≃ CP
∞ is a classifying map for U(1)-bundle χk (4). It is easy
to see that the diagram
PU(k)
ik %%K
KK
KK
KK
KK
ψk // BU(1)
PUk(H)
≃
OO
commutes, where the vertical arrow is a classifying map for the bundle U(1)→ U(H)→ PU(H).
Let ζ → X be a line bundle satisfying condition (5), ϕ′ζ : X → BU(1) its classifying map. Since
ωk (see (6)) is induced by taking the direct sum of a line bundle with itself k times (followed by
the extension of the structural group to U(k)), we see that ωk ◦ϕ
′
ζ ≃ ∗. Now it is easy to see from
the exactness of (6) that ϕ′ζ : X → BU(1) has a lift ϕ˜
′
ζ : X → PU(k), and hence the same is true
for ϕζ . 
Remark 5. Note that the choice of a lift ϕ˜ζ corresponds to the choice of trivialization (5): two
choices differ by a map X → U(k). Thus, a lift is defined up to the action of [X, U(k)] on
[X, PU(k)]. The subgroup in Pic(X) consisting of (classes of) line bundles satisfying condition
(5) is im{ψk∗ : [X, PU(k)] → [X, CP
∞]} (or the factor-group [X, PU(k)]/[X, U(k)]: [X, U(k)]
is a normal subgroup in [X, PU(k)] because it is the kernel of the group homomorphism
ik∗ : [X, PU(k)]→ [X, PUk(H)], cf. (3)).
Remark 6. We do not claim that every element ζ ∈ Pic(X), ζk = 1 can be represented by
a map X → PU(k). For example, for k = 2 there is no factorization K(Z/2Z, 1) ≃ RP∞ →
PU(2)→ CP∞ of the Bockstein map K(Z/2Z, 1) ≃ RP∞ → CP∞ ≃ K(Z, 2). In order to obtain
all elements of order k in the sense of the group structure on Pic(X) one has to consider all
subgroups PU(kn), n ∈ N (cf. Remark (3)).
6 A.V. ERSHOV
Let Fredk(H) be the subspace of Fredholm operators in Mk(B(H)). Clearly, Fredk(H) ∼=
Fred(H). Being a subgroup in PUk(H) (see (3)), the group PU(k) acts on Mk(B(H)). Let
(7) γk,1 : PU(k)× Fredk(H)→ Fredk(H)
be the restriction of this action on Fredk(H) ⊂ Mk(B(H)). Then the diagram
PUk(H)× Fredk(H)
γ
// Fredk(H)
PU(k)× Fredk(H)
ik×id
OO
γk, 1
66lllllllllllll
commutes and we have the following theorem which is a specialization of Theorem 1.
Theorem 7. Let fξ : X → Fredk(H) be a representing map for some element ξ ∈ K(X). Let ζ be
as in the previous proposition. Then the composite map
X
diag
→ X ×X
ϕ˜ζ×fξ
−→ PU(k)× Fredk(H)
γk, 1
−→ Fredk(H)
represents the element ξ ⊗ ζ ∈ K(X).
Remark 8. Note that the “subgroup” U(k) → PU(k) acts homotopy trivially on Fredk(H) (and
hence trivially on K(X)), in accordance with Remark 5. Indeed, if ϕζ can be lifted to U(k), then
ζ ∼= [1] is a trivial line bundle over X , from the other hand the action of U(k) on Fredk(H) can
be extended to the action of the contractible group Uk(H) ∼= U(H).
Remark 9. It follows from the definition of the inclusion ik that the action γk,1 is trivial on
elements in K(X) of the form kξ. Indeed, a classifying map for kξ can be decomposed as X
fξ
→
Fred(H)
diag
→ Fredk(H). From the other hand, there is the relation (1 + (ζ − 1)) · kξ = kξ + 0 = kξ
in the K-functor, or, equivalently, ζ ⊗ ([k]⊗ ξ) = (ζ ⊗ [k])⊗ ξ = [k]⊗ ξ in terms of bundles.
Note that since inclusion (3) is a group homomorphism, the group structure on PU(k) corre-
sponds to the tensor product of line bundles that are classified by this group.
Consider Fredk(H)-bundle
(8)
Fredk(H) //
EPU(k) ×
PU(k)
Fredk(H)

BPU(k)
associated with the universal principal PU(k)-bundle EPU(k)→ BPU(k) by means of the action
γk, 1. This bundle is the pullback of (2) with respect to B ik. We will denote it by F˜redk(H) →
BPU(k) for short.
Now the version of the twisted K-theory related to the conjugation action of PU(k) on Fredk(H),
or, equivalently, to the action of the group of (isomorphism classes of) line bundles classified
by maps X → PU(k) on K(X), is defined as follows: for a given map f : X → BPU(k) we
define Kf(X) as the set [X, f
∗(F˜redk(H))]
′ of homotopy classes of sections of the induced bundle
f ∗(F˜redk(H))→ X.
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Note that up to (noncanonical) isomorphism the twisted K-theory depends only on the co-
homology class β = f ∗(α) ∈ H3(X, Z), where α ∈ H3(BPU(k), Z) ∼= Z/kZ is the generator,
therefore the more appropriate notation for it is Kβ(X).
Note that the considered constructions are well-behaved with respect to the group homomor-
phisms
PU(kn)→ PU(kn+1), T 7→ T ⊗ Ek,
i.e. we can take the corresponding direct limits.
There is another way to define the twisted K-theory. Namely, let K(H) be the algebra of
compact operators on the separable Hilbert space H. Recall that the group of ∗-automorphisms
of the algebra K(H) is PU(H). For a given PU(H)-cocycle on X consider the corresponding
K(H)-bundle A→ X and define the corresponding twisted K-theory as the algebraic K-theory of
the Banach algebra Γ(A, X) of its continuous sections (we should only remember that the algebra
K(H) is not unital). If the Dixmier-Douady class of A has finite order, then the K(H)-bundle
A → X is of the form Ak ⊗ K(H), where Ak → X is a matrix algebra bundle with fiber Mk(C)
(for some k). In this case the twisted K-theory can be defined as the K-theory of the algebra of
sections of Ak → X .
The specific property of the finite-dimensional case is that algebras of sections of nonisomorphic
bundles Ak → X and A
′
m → X can be Morita-equivalent, i.e. they can define the same element in
the Brauer group Br(X) (note that if in addition (k, m) = 1, then Γ(X, Ak) is Morita-equivalent
to C(X)). This happens precisely when Ak ⊗ K(H) ∼= A
′
m ⊗ K(H) as K(H)-bundles (let us
notice the relation of this fact to Remarks 5 and 8). In fact, there is the group isomorphism
Br(X) ∼= H3(X, Z) defined by the assignment to an algebra bundle its Dixmier-Douady class. The
torsion subgroup in Br(X), the so-called “finite Brauer group”, corresponds to (finite dimensional)
matrix algebra bundles.
For a fixed α ∈ H3(X, Z), α 6= 0 the twisted K-theory Kα(X) is not a ring, only a K(X)-
module. However there are maps Kα(X) ⊗ Kβ(X) → Kα+β(X) which equip the direct sum
⊕
α∈Br(X)
Kα(X) with the structure of a graded ring.
2. Spaces of unital homomorphisms of matrix algebras
In this section we study spaces of unital ∗-homomorphisms of matrix algebras. They can
be regarded as analogs of groups of ∗-automorphisms Aut(Mk(C)) ∼= PU(k) in the subsequent
constructions.
Fix a pair of positive integers {k, l}, (k, l) = 1. Let Frklm, ln be the space of unital ∗-
homomorphisms of matrix algebras Homalg(Mklm(C), Mklm+n(C)). Recall that the group of ∗-
automorphisms of the complex matrix algebra Mn(C) is the projective unitary group PU(n),
therefore there are the left action of PU(klm+n) and the right action of PU(klm) on Frklm, ln.
Moreover, Frklm, ln is a (left) homogeneous space over PU(kl
m+n):
Proposition 10. There is an isomorphism of homogeneous spaces
(9) Frklm, ln ∼= PU(kl
m+n)/(Eklm ⊗ PU(l
n)),
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where En and the symbol “⊗” denote the unit matrix and the Kronecker product of matrices
respectively.
Proof. It follows from Noether-Skolem’s theorem that the group PU(klm+n) acts transitively on
the set of unital ∗-homomorphisms Mklm(C) → Mklm+n(C). From the other hand, the stabilizer
of such homomorphism Mklm(C) → Mklm+n(C), T 7→ T ⊗ Eln is the subgroup Eklm ⊗ PU(l
n) ⊂
PU(klm+n). 
In particular, for n = 0 we have Frklm, 1 = PU(kl
m).
Proposition 11. A map ϕ : X → Frklm, ln is the same thing as an embedding of trivial bundles
X×Mklm(C)
µ
→֒ X×Mklm+n(C) whose restriction to a fiber is a unital ∗-homomorphism of matrix
algebras.
Proof. We have the bijection (in obvious notation) Mor(X, Homalg(Mklm(C), Mklm+n(C))) ∼=
Mor(X × Mklm(C), Mklm+n(C)), h(x)(T ) 7→ h(x, T ), x ∈ X, T ∈ Mklm(C). But for any
map λ : X × Mklm(C) → Mklm+n(C) there exists the unique map ν : X × Mklm(C) → X ×
Mklm+n(C), ν(x, T ) = (x, λ(x, T )) which is the identity on the first factor X. 
For an embedding µ as in the statement of Proposition 11 one can define the subbundle
Bln
⊂ //
  B
BB
BB
BB
B
X ×Mklm+n(C)
xxqqq
qq
qq
qq
qq
q
X
of centralizers for the image of µ which is an Mln(C)-bundle such that Mklm(C) ⊗ Bln = X ×
Mklm+n(C).
In particular, applying the previous proposition to id : Frklm, ln → Frklm, ln we obtain the
canonical embedding µ˜ : Frklm, ln ×Mklm(C) →֒ Frklm, ln ×Mklm+n(C), (h, T ) 7→ (h, h(T )) and the
corresponding Mln(C)-bundle Bklm, ln → Frklm, ln . Clearly, we have the canonical isomorphism
Mklm(C)⊗ Bklm, ln ∼= Frklm, ln ×Mklm+n(C) with the trivial bundle, but let us notice that the bun-
dle Bklm, ln → Frklm, ln itself is not trivial for n > 0, as it follows from the next proposition.
Proposition 12. The Mln(C)-bundle Bklm, ln → Frklm, ln is associated with the principal PU(l
n)-
bundle
(10) PU(ln)→ PU(klm+n)→ Frklm, ln
(see (9)).
Proof is trivial. 
Note that with respect to the above notation we have Bln = ϕ
∗(Bklm, ln).
There is the homeomorphism (cf. (9))
(11) Frklm, ln ∼= U(kl
m+n)/(Eklm ⊗U(l
n)),
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therefore we have the principal U(ln)-bundle (cf. (10))
(12)
U(ln) // U(klm+n)

Frklm, ln
over Frklm, ln. Let ϑklm, ln → Frklm, ln be the vector C
ln-bundle associated with (12). For example,
for n = 0 we have the line bundle ϑklm, 1 → PU(kl
m) associated with U(1)→ U(klm)→ PU(klm).
Note that End(ϑklm, ln) = Bklm, ln .
Let X be a compact topological space. By [n] denote the trivial vector bundle with fiber Cn.
Note that there is the canonical trivialization [klm] ⊗ ϑklm, ln ∼= [kl
m+n] of the bundle [klm] ⊗
ϑklm, ln → Frklm, ln .
Proposition 13. (cf. Proposition 4). For any vector Cl
n
-bundle ηln → X such that
(13) [klm]⊗ ηln ∼= [kl
m+n]
there is a map ϕ = ϕηln : X → Frklm, ln such that ϕ
∗(ϑklm, ln) ∼= ηln , and vice versa. Note that such
ϕ is not unique (even up to homotopy): it also depends on the choice of trivialization (13).
Proof. Consider the fibration (cf. (12))
(14) Frklm, ln
α
→ BU(ln)
β
→ BU(klm+n),
where α classifies ϑklm, ln as a C
ln-bundle and β is induced by the group homomorphism U(ln)→
U(klm+n), T 7→ Eklm ⊗ T (the Kronecker product of matrices), hence β classifies [kl
m]⊗ ξunivln as
a Ckl
m+n
-bundle (here ξunivln is the universal C
ln-bundle over BU(ln)).
Vector Cl
n
-bundle ηln is represented by a map ϕ
′ : X → BU(ln), but since its composition with
β is homotopy trivial (because of (13)), we see that ϕ′ has a lift ϕ : X → Frklm, ln with the required
property. 
Note that the previous proposition can be applied to all ηln such that [k] ⊗ ηln ∼= [kl
n], i.e.
those of order k. Such bundles are classified (in the sense of Proposition 13) by maps X → Frk, ln
(it is easy to see from fibration (14) with m = 0), and there are inclusions Frk, ln →֒ Frklm, ln
(for example to a homomorphism h : Mk(C) → Mkln(C) we can associate the homomorphism
Mlm(h) : Mlm(Mk(C))→Mlm(Mkln(C))).
Remark 14. We do not assert that every bundle ηln → X of order k in the sense of the group
structure K⊗ can be classified by a map X → Frklm, ln (cf. Remark 6). In order to represent all
elements of order k for a compact X , one has to consider all spaces Frkrlm, ln, r, m, n ∈ N (cf.
Section 10).
The assignment
{h : Mklm(C)→Mklm+n(C)} 7→ {Ml(h) : Ml(Mklm(C))→Ml(Mklm+n(C))}
defines the map ιm+1, n : Frklm, ln → Frklm+1, ln (recall that Mm(Mn(C)) = Mmn(C)).
The assignment
{h : Mklm(C)→ Mklm+n(C)} 7→ {Mklm(C)
h
→Mklm+n(C)
i
→Mklm+n+1(C)},
10 A.V. ERSHOV
where i(T ) = T ⊗ El, defines the map ιm,n+1 : Frklm, ln → Frklm, ln+1 .
Proposition 15. ι∗m+1, n(ϑklm+1, ln) = ϑklm, ln , ι
∗
m,n+1(ϑklm, ln+1) = ϑklm, ln ⊗ [l].
Proof is trivial. 
In particular, for ιm, 1 : PU(kl
m) → Frklm, l we have: ι
∗
m, 1(ϑklm, l) = ϑklm, 1 ⊗ [l] (recall that
PU(klm) = Frklm, 1).
3. Relation to K-theory
Recall (see Section 1) that the group PU(k) acts on the representing space Fred(H) of K-
theory and this action induces the action of line bundles of order k on K-functor. In this section
we will show that the spaces of unital homomorphisms of matrix algebras allow us to describe
the analogous “action” of arbitrary (not necessarily line) bundles of finite order in terms of the
classifying space Fred(H).
Again, let B(H) be the algebra of bounded operators on the separable Hilbert space H,
Mklm(B(H)) the matrix algebra over B(H) (clearly, it is isomorphic to B(H)). One can think
of Mklm(B(H)) as the algebra of bounded operators on H
⊕klm . Let Fredklm(H) be the subspace of
Fredholm operators in Mklm(B(H)). Of course, Fredklm(H) ∼= Fred(H).
The evaluation map Homalg(Mklm(C), Mklm+n(C))×Mklm(C)→Mklm+n(C), i.e.
(15) evklm, ln : Frklm, ln ×Mklm(C)→Mklm+n(C), evklm, ln(h, T ) = h(T )
induces the map (cf. (7))
(16) γklm, ln : Frklm, ln ×Fredklm(H)→ Fredklm+n(H).
Remark 16. Note that map (15) can be decomposed as follows
(17) Frklm, ln ×Mklm(C)→ Frklm, ln ×
PU(klm)
Mklm(C)→Mklm+n(C),
where the last map is the projection Aklm, ln → Mklm+n(C) of the tautological Mklm(C)-bundle
Aklm, ln → Grklm, ln over the matrix Grassmannian Grklm, ln = PU(kl
m+n)/(PU(klm) ⊗ PU(ln))
which parameterizes unital klm-subalgebras in the fixed klm+n-algebra Mklm+n(C) [7].
Let ηln → X be a vector C
ln-bundle over X satisfying (13), ϕ = ϕηln : X → Frklm, ln its
classifying map (in the sense of Proposition 13), Bln = End(ηln).
Theorem 17. (Cf. Theorem 7). Assume that fξ : X → Fredklm(H) represents an element ξ ∈
K(X). Then the composition
X
diag
−→ X ×X
ϕ×fξ
−→ Frklm, ln ×Fredklm(H)
γklm, ln
−→ Fredklm+n(H)
represents the element ξ ⊗ ηln ∈ K(X).
Proof. If ξ is represented by a family of Fredholm operators F = {Fx} on the Hilbert space H
⊕klm,
then ξ⊗ ηln is represented by the family of Fredholm operators {Fx⊗ 1Bln} on the Hilbert bundle
H⊕kl
m
⊗ ηln . It follows from Proposition 11 that ϕ defines a trivialization of the last bundle, i.e.
finally we obtain a family of Fredholm operators in the fixed space Fredklm+n(H). 
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In particular, for n = 0 (⇒ Frklm, 1 = PU(kl
m)) we have the action of PU(klm) on Fredklm(H)
(cf. (17)) which corresponds to the tensor product ξ 7→ ξ ⊗ η1 by the line bundle η1 = ϕ
∗(ϑklm, 1)
(see Theorem 7).
Remark 18. The previous theorem can be regarded as a generalization of Theorem 7 which cor-
responds to the special case m = n = 0, when the space of homomorphisms Frklm, ln is the group
PU(k) (see Section 1).
Note that the following Theorem 20 can also be specialized to this case: as we have already
noticed, the group structure on PU(k) corresponds to the tensor product of line bundles classified
by this group.
Remark 19. (Cf. Remark 9). Note that the “action” described in Theorem 17 is trivial on elements
of the form klmξ ∈ K(X) which are represented by the subspace Fred(H)
diag
−→ Fredklm(H). Indeed,
the center CEklm ⊂Mklm(C) is fixed under map (15).
Note that the composition of homomorphisms of matrix algebras defines the map
κ : Homalg(Mklm+n(C), Mklm+n+r(C))×Homalg(Mklm(C), Mklm+n(C))
→ Homalg(Mklm(C), Mklm+n+r(C)),
i.e.
(18) κ : Frklm+n, lr ×Frklm, ln → Frklm, ln+r .
Clearly, the diagram
Frklm+n, lr ×Frklm, ln ×Fredklm(H)
idFr×γ //
κ×idFred

Frklm+n, lr ×Fredklm+n(H)
γ

Frklm, ln+r ×Fredklm(H)
γ
// Fredklm+n+r(H)
is commutative.
Composition (18) corresponds to the composition µ2◦µ1 of embeddings µ1, µ2 corresponding to
maps ϕ1 : X → Frklm, ln , ϕ2 : X → Frklm+n, lr (cf. Proposition 11). Note that if µ1, µ2 correspond
to subbundles Bln , Blr respectively, then µ2 ◦ µ1 corresponds to the subbundle Bln ⊗ Blr in
X ×Mklm+n+r(C).
Moreover, composition (18) corresponds to the tensor product ξ ⊗ ηln ⊗ ηlr :
Theorem 20. Let ϕ1 := ϕηln : X → Frklm, ln , ϕ2 := ϕηlr : X → Frklm+n, lr be classifying maps for
bundles ηln → X, ηlr → X respectively. Then the composition
X
diag
→ X ×X ×X
ϕ2×ϕ1×fξ
−→ Frklm+n, lr ×Frklm, ln ×Fredklm(H)
λ
→ Fredklm+n+r(H),
where λ = γ ◦ (idFr×γ) = γ ◦ (κ× idFred) (see the above diagram) represents ξ ⊗ ηln ⊗ ηlr ∈ K(X)
(cf. Theorem 17).
Proof is trivial. 
In general for a given bundle ηln there are lot of nonequivalent trivializations (13) (i.e. there are
lot of homotopy nonequivalent maps ϕ classifying ηln). However, different trivializations act on
K-functor trivially. The situation is similar to the one in the case of finite Brauer group which is
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the quotient of the monoid of isomorphism classes of (finite dimensional) matrix algebra bundles
(with respect to the “⊗” operation) by the submonoid of “trivial” bundles of the form End(ξ).
Recall (see Proposition 4) that a map X → PU(k) is not just a line bundle ζ → X of order k but
also some choice of a trivialization [k] ⊗ ζ ∼= X × Ck. The point is that the action of PU(k) on
Fred(H) factors through the action of PU(H), and the action of U(k) factors through the action
of the contractible group U(H) respectively, hence the necessity of the factorization (cf. Remark
8).
4. Topological monoid Frkl∞, l∞
The space Frklm, ln itself does not have any natural algebraic operation, but there is composition
(18) which relates such spaces. Using these spaces we construct a topological monoid such that
maps (16) give rise to its action on the space of Fredholm operators. More precisely, since maps
(16) correspond to the multiplication of K(X) by ln-dimensional bundles (for n ∈ N), the monoid
acts on the localization of the space Fred(H) over l. In fact, the theory does not depend (up to
homotopy) on the choice of l, (k, l) = 1, cf. Proposition 36.
So, consider the direct limit of matrix algebras Mkl∞(C) := lim
−→
m
Mklm(C) (the limit is taken over
unital ∗-homomorphisms) and fix an increasing filtration by unital ∗-subalgebras
(19) Ak ⊂ Akl ⊂ . . . ⊂ Aklm ⊂ Aklm+1 ⊂ . . . , Aklm ∼= Mklm(C)
in it such that Aklm+1 = Ml(Aklm) (the algebra of l × l-matrices with elements from Aklm) for all
m ≥ 0.
Consider the monoid End(Mkl∞(C)) of endomorphisms of this direct limit. More precise-
ly, an endomorphism h ∈ End(Mkl∞(C)) is induced by a unital ∗-homomorphism of the form
hm,n : Aklm → Aklm+n (for some m, n), i.e. has the form Ml∞(hm,n), hm,n ∈ Frklm, ln =
Homalg(Aklm, Aklm+n). By Ml∞(hm,n) we denote the sequence of homomorphisms
(20) Mlr(hm,n) : Aklm+r = Mlr(Aklm)→ Aklm+n+r = Mlr(Aklm+n), r ∈ N.
In particular, for n = 0 we have an automorphism Ml∞(hm, 0) ∈ Aut(Mkl∞(C)).
Note that the composition of such endomorphisms is well-defined. For example, we define the
composition Ml∞(h2) ◦Ml∞(h1), where h1 : Akl → Akl2 and h2 : Ak → Akl are displayed on the
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diagram
. . . . . . . . .
Akl4
∪
OO
Akl4
∪
OO
Akl4
∪
OO
Akl3
∪
OO
Ml2(h)
<<yyyyyyyy
Akl3
∪
OO
Ml3(h2)
<<yyyyyyyy
Akl3
∪
OO
Akl2
∪
OO
Ml(h1)
<<yyyyyyyy
Akl2
∪
OO
Ml2(h2)
<<yyyyyyyy
Akl2
∪
OO
Akl
∪
OO
h1
<<yyyyyyyy
Akl
∪
OO
Ml(h2)
<<yyyyyyyy
Akl
∪
OO
Ak
∪
OO
Ak
∪
OO
h2
<<yyyyyyyy
Ak
∪
OO
asMl∞(Ml2(h2)◦h1). Clearly, the composition of endomorphisms is associative andMl∞(idAk), i.e.
the sequience {idAk , idAkl, idAkl2 , . . . } is its unit. This completes the definition of the topological
monoid End(Mkl∞(C)).
By assignment to a homomorphism hm,n : Aklm → Aklm+n the homomorphism
Mlr(hm,n) : Aklm+r → Aklm+n+r , r ∈ N (cf. (20)) we define the embedding Frklm, ln → Frklm+r, ln.
Furthermore, the composition of Mlr(hm,n) with the homomorphism Aklm+n+r →Mlu(Aklm+n+r) =
Aklm+n+r+u, T 7→ Mlu(T ) defines the embedding Frklm+r, ln → Frklm+r, ln+u . The composition of
these two embeddings defines the embedding Frklm, ln → Frklm+r, ln+u . Using these maps we define
the direct limit lim
−→
m,n
Frklm, ln .
Proposition 21. The monoid End(Mkl∞(C)) is isomorphic to the direct limit Frkl∞, l∞ :=
lim
−→
m,n
Frklm, ln.
Proof. Note that for any pairm, n ≥ 0 there is the obvious embedding Frklm, ln →֒ End(Mkl∞(C)).
Now the proposition follows from the universal property of the direct limit. 
Because of the previous proposition we will denote the monoid End(Mkl∞(C)) also by Frkl∞, l∞ (a
particular isomorphism End(Mkl∞(C)) ∼= Frkl∞, l∞ is defined by the particular choice of a filtration
{Aklm}m∈N in Mkl∞(C) as above).
Since Frklm, 1 = PU(kl
m), we see that the subgroup Aut(Mkl∞(C)) ⊂ End(Mkl∞(C)) of the
monoid End(Mkl∞(C)) = Frkl∞, l∞ consisting of ∗-automorphisms of Mkl∞(C) is PU(kl
∞) :=
lim
−→
m
PU(klm).
Note that under the condition (k, l) = 1 the monoid Frkl∞, l∞ is not contractible: its homotopy
groups are as follows: πr(Frkl∞, l∞) = Z/kZ for r odd and 0 for r even (see Proposition 35). (It is
easy to see that the monoid Frkl∞, l∞ is contractible if and only if p | k ⇒ p | l for any prime p).
In particular, π0(Frkl∞, l∞) = 0 and hence the monoid is grouplike. Besides, it is a CW-complex,
therefore the embedding of the unit is a cofibration and therefore it is well-pointed.
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Remark 22. In place of spaces (9) one can consider spaces F˜rklm, ln := SU(kl
m+n)/(Eklm ⊗ SU(l
n))
which are the universal coverings of the corresponding Frklm, ln’s. The corresponding monoid
F˜rkl∞, l∞ is the universal covering F˜rkl∞, l∞ → Frkl∞, l∞ (with fiber the group ρk of k’th roots of
unity). This monoid gives the “SU”-version of the subsequent constructions. In particular, its
action on the space of Fredholm operators (cf. the next section) corresponds to the multiplication
of K(X) by SU-bundles of order k.
The monoid Frkl∞, l∞ has the filtration PU(kl
∞) = Frkl∞, 1
ι1
→֒ Frkl∞, l
ι2
→֒ Frkl∞, l2
ι3
→֒ . . .. Obvi-
ously that the multiplication in Frkl∞, l∞ induces maps
(21) µn, s : Frkl∞, ln ×Frkl∞, ls → Frkl∞, ln+s .
Note that Frkl∞, ln in the base space of the vector C
ln-bundle ϑkl∞, ln which restricts to ϑklm, ln
under the inclusion Frklm, ln ⊂ Frkl∞, ln (see Proposition 15). Furthermore,
(22) µ∗n, s(ϑkl∞, ln+s) = ϑkl∞, ln ⊠ ϑkl∞, ls.
We also have ι∗n+1(ϑkl∞, ln+1) = ϑkl∞, ln ⊗ [l] (see Proposition 15).
So we see that the multiplication in the monoid Frkl∞, l∞ corresponds to the tensor product of
bundles, like the product in projective groups corresponds to the tensor product of appropriate
line bundles. Thus the monoid Frkl∞, l∞ gives a model of a classifying H-space for bundles of order
k with tensor product whose multiplication is strictly associative and unital.
5. An action of the monoid Frkl∞, l∞ on the space of Fredholm operators
K(X) is a commutative ring, therefore its multiplicative group acts on K(X) by group auto-
morphisms. Invertible elements in K(X) are virtual bundles of virtual dimension ±1 (which form
the group with respect to the tensor product), while the multiplicative group of the localization
K(X)[1
l
] over l consists of virtual bundles of virtual dimension ±ln, n ∈ Z (for a compact X if n
is a big enough positive integer then a virtual bundle of virtual dimension ln can be realized by a
geometric bundle ηln → X).
Because of the functoriality of the mentioned action it can be described in terms of the represent-
ing space Fredkl∞(H) of the localized K-theory. In this section we define the action of the monoid
Frkl∞, l∞ on Fredkl∞(H) which induces the multiplication of K-functor by bundles of dimensions
ln of order k and coincides with maps from Theorem 17 on its finite subspaces Frklm, ln ⊂ Frkl∞, l∞ .
Let Mkl∞(B(H)) := lim
−→
m
Mklm(B(H)) (the limit is taken over unital ∗-homomorphisms of ma-
trix algebras which form filtration (19)), Fredkl∞(H) be the subspace of Fredholm operators in
Mkl∞(B(H)).
The tautological action of Frkl∞, l∞ on Mkl∞(C) (recall that Frkl∞, l∞ = End(Mkl∞(C))) defines
the action
(23) γkl∞, l∞ : Frkl∞, l∞ ×Fredkl∞(H)→ Fredkl∞(H)
of the monoid Frkl∞, l∞ on the space Fredkl∞(H) whose restrictions to “finite” subspaces of the
direct limits coincide with maps (16).
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Remark 23. Consider the map
(24) γkl∞, ln : Frkl∞, ln ×Fredkl∞(H)→ Fredkl∞+n(H)
which is the limit of (16) when m → ∞. According to Theorem 17 it corresponds to the map
ξ 7→ ξ ⊗ ϕ∗(ϑkl∞, ln), ξ ∈ K(X)[
1
l
] for ϕ : X → Frkl∞, ln (see the end of the previous section).
Note that the space Fredkl∞(H) is the localization of Fred(H) over l (in the sense that l is
invertible). It is not surprising because the action of the monoid Frkl∞, l∞ relates to the tensor
product by ln-dimensional bundles (cf. Theorem 17). In particular, Fredkl∞(H) represents K-
theory localized over l, i.e. [X, Fredkl∞(H)] = K(X)[
1
l
].
Since π0(Frkl∞, l∞) = 0 we see that the monoid acts on Fredkl∞(H) by homotopy auto-
equivalences that are homotopic to the identity map.
Since the monoid Frkl∞, l∞ is grouplike, we see that the set of homotopy classes [X, Frkl∞, l∞ ] is
a group. Then, using (23) we obtain the representation [X, Frkl∞, l∞ ] → Aut(K(X)[
1
l
]) which is
functorial on X (“Aut” denotes group automorphisms).
The monoid Frkl∞, l∞ = End(Mkl∞(C)) contains the subgroup PU(kl
∞) = Aut(Mkl∞(C)) which
in turn contains the “subgroup” U(kl∞) (corresponding to the direct limit of the canonical epi-
morphisms U(klm)→ PU(klm)). The action of groups U(klm) on spaces Fredklm(H) is homotopy
trivial, because it factors through the action of the contractible group U(H) (cf. Remark 8).
Analogously, the action of groups PU(klm) on Fredklm(H) factors through the action of PU(H).
Consider the fibration
U(kl
m)→ U(kl
m+n)/(Eklm ⊗ U(l
n))→ U(kl
m+n)/(U(kl
m)⊗ U(l
n))
(cf. (11)) and take the direct limit asm, n→∞. Since lim
−→
m,n
U(klm+n)/(U(klm)⊗Eln) is contractible
(see Lemma 37) and the group lim
−→
n
U(ln) acts freely on it, we obtain the homotopy equivalence
lim
−→
m,n
U(klm+n)/(U(klm)⊗U(ln)) ≃ BU(l∞) = lim
−→
n
BU(ln). Now we see that the homotopy nontrivial
part of the action of Frkl∞, l∞ on Fredkl∞(H) corresponds to the cokernel U(kl
∞)→ Frkl∞, l∞ (more
precisely, to the cokernel [X, U(kl∞)] → [X, Frkl∞, l∞ ]) or, equivalently, to the image of the map
Frkl∞, l∞ → BU(l
∞) (cf. (14)) which is a classifying map for the direct limit of bundles ϑklm, ln.
Note that the space Frkl∞, l∞ classifies bundles ηln → X with the following equivalence relation:
(25) ηlm ∼ ηln ⇔ ηlm ⊗ [l
t−m] ∼= ηln ⊗ [l
t−n] for some t ∈ N.
In other words, the induced action on the localized K-theory K(X)[1
l
] is the action of the
multiplicative group of equivalence classes (25) of bundles of the form ηln = ϕ
∗(ϑklm, ln), ϕ : X →
Frklm, ln ⊂ Frkl∞, l∞ , i.e. those whose classifying maps can be lifted to Frkl∞, l∞ (cf. (14)), and
the group structure is induced by the tensor product of such bundles (cf. Theorem 20 and the
end of Section 4). Thus, these automorphisms have the form ξ 7→ ξ ⊗ ϕ∗(ϑklm, ln), cf. Theorems
17 and 20 (note that for a compact X every map X → Frkl∞, l∞ can be factorized through
X → Frklm, ln ⊂ Frkl∞, l∞ for some m, n ∈ N).
Thus, we obtain the following main theorem.
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Theorem 24. For any compactX action (23) on the representing space Fredkl∞(H) of K[
1
l
]-theory
induces the action ξ 7→ ξ⊗ϕ∗(ϑklm, ln) on K(X)[
1
l
] of the multiplicative group of equivalence classes
(25) of bundles ηln = ϕ
∗(ϑklm, ln) ∈ K(X)[
1
l
], where ϕ ∈ [X, Frkl∞, l∞ ].
6. A definition of the corresponding twisted K-theory
In order to define the twisted K-theory for more general twistings by analogy with the definition
of the twisted K-theory from Section 1 first we should do is to construct the classifying space of
the topological monoid Frkl∞, l∞ . Fortunately, a well-pointed grouplike topological monoid has the
classifying space given, for example, by May’s geometric bar-construction [12], [17], pp. 210-214.
Recall that in our case π0(Frkl∞, l∞) = 0, i.e. π0 is a group and hence our monoid is grouplike.
Thus, there exists the classifying space BFrkl∞, l∞ and the universal principal Frkl∞, l∞-
quasifibration EFrkl∞, l∞ → BFrkl∞, l∞ (in particular, the space EFrkl∞, l∞ is aspherical and even
contractible because Frkl∞, l∞ is a CW-complex). Furthermore, there is the homotopy equivalence
Frkl∞, l∞
≃
→ ΩBFrkl∞, l∞ (and hence πr(BFrkl∞, l∞) = Z/kZ for r > 0 even and 0 for r odd, cf.
Proposition 35).
Applying the two-sided geometric bar-construction ([17], ibid.) to the action (23) of Frkl∞, l∞
on Fredkl∞(H) := lim
−→
m
Fredklm(H) we construct the Fredkl∞(H)-quasifibration
(26) F˜redkl∞(H)→ BFrkl∞, l∞
over BFrkl∞, l∞ .
But quasifibration (26) is not appropriate for our purpose: we would like (by analogy with the
abelian case, cf. (2)) to define the twisted K-theory corresponding to a map f : X → BFrkl∞, l∞
as the set of homotopy classes of sections of the “induced quasifibration” f ∗(F˜redkl∞(H)) → X ,
but the problem is that the pull-back of a quasifibration is not a quasifibration in general.
Fortunately, there are constructions that provide locally homotopy trivial fibrations instead of
quasifibrations and therefore allow induced fibrations and classification. One of such constructions
is M. Fuch’s modified Dold-Lashof construction [9], the other one [20] given by J. Wirth (note
that the homotopy type of the classifying space BFrkl∞, l∞ does not depend on the choice of a
particular construction).
Applying one of these constructions we can assume that (26) is a fibration (in the sense of
Dold, i.e. with weak covering homotopy property). We propose this fibration as a model for the
twisted K-theory for twistings corresponding to the action of bundles of order k on K(X) by the
tensor product (cf. Theorem 24). More precisely, for a map f : X → BFrkl∞, l∞ we define the
corresponding twisted K-theory as the set [X, f ∗(F˜redkl∞(H))]
′ of homotopy classes of sections of
the induced fibration f ∗(F˜redkl∞(H))→ X .
In order to obtain the fibration with fiber the Ω-spectrum {Kn}n≥0, we should verify that
the homotopy equivalence Fredkl∞(H) → Ω
2 Fredkl∞(H) is equivariant with respect to action
(23) of the monoid Frkl∞, l∞ . For this purpose we can use the version of Bott periodicity for
spaces of Fredholm operators given in [3]. Action (23) consists of the composition of inclusions
Fredklm(H)→ Fredklm+n(H) induced by inclusions of filtration (19) and the conjugation action of
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PU(klm+n) on Fredklm+n(H). It is easy to see that the homotopy equivalences defined in [3] are
equivariant with respect to both mentioned types of maps and therefore can be applied fiberwisely
to fibration (26).
7. An approach by means of bundle gerbes
In this section we sketch an approach to twisted K-theory for “higher” twistings by means of
some generalization of bundle gerbes [13], [14]. For this purpose we want to combine the idea of
bundle gerbes and bundle gerbe modules from [4] with the idea of homotopy transition cocycles
from [20] applying to our monoid Frkl∞, l∞ and using the observation that the multiplication (21)
in the monoid corresponds to the tensor product of bundles (22).
First, let us recall some facts about “abelian” bundle gerbes with Dixmier-Douady class of finite
order [4], [13], [14] in a form appropriate for our purposes.
Recall that ϑk, 1 → PU(k) is the line bundle U(k) ×
U(1)
C associated with the principal bundle χk
(see (4)). Let U = {Uα}α∈A be an open cover of a compact space X , Y = YU the disjoint union
of all the elements in the open cover, π : Y → X the corresponding projection, Y [2] = Y ×pi Y
the fibre product. For a given PU(k) 1-cocycle g = {gαβ}α, β∈A one can associate a bundle gerbe
L→ Y [2] as follows:
(27) Lαβ := g
∗
αβ(ϑk, 1), gαβ : Uαβ → PU(k)
and the product
(28) θαβγ : Lαβ ⊗ Lβγ
∼=
→ Lαγ
over Uα ∩ Uβ ∩ Uγ is induced by the group structure on U(k) (because µ
∗(ϑk, 1) = ϑk, 1 ⊠ ϑk, 1 for
the group multiplication µ : PU(k) × PU(k) → PU(k)). The bundle gerbe (L, Y ) is nontrivial
(equivalently, its Dixmier-Douady class d(L, Y ) 6= 0 ∈ H3(X, Z)) iff there is no lift of g to a U(k)-
cocycle g˜, i.e. there is no U(k) 1-cocycle g˜ such that χk ◦ g˜ = g. In other words, the nontriviality
of (L, Y ) is an obstruction to the existence of such a lift.
Recall [14] that two bundle gerbes (L, Y ) and (L′, Y ′) are called stably isomorphic if there are
trivial bundle gerbes T1 and T2 such that
(29) L⊗ T1 ∼= L
′ ⊗ T2
(here “⊗” denotes the product of bundle gerbes). Recall also that (L, Y ) and (L′, Y ′) are stably
isomorphic iff d(L, Y ) = d(L′, Y ′). Any stably equivalence class of bundle gerbes with Dixmier-
Douady class of finite order in H3(X, Z) contains a representative of the above form (i.e. deter-
mined by a projective cocycle g for PU(k) for some k ∈ N). Note also that the product of bundle
gerbes L⊗ L′ corresponds to the “tensor product” of groups
τ : PU(k1)× PU(k2)→ PU(k1)⊗ PU(k2) ⊂ PU(k1k2)
in the sense that the compositions
(30) (Uα ∩ Uβ) ∩ (Vγ ∩ Vδ)
diag
→ (Uα ∩ Uβ)× (Vγ ∩ Vδ)
gαβ×g
′
γδ
−→ PU(k1)× PU(k2)
τ
→ PU(k1k2)
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(for all α, β ∈ A; γ, δ ∈ A′) form a projective cocycle over Ypi×pi′ Y
′ which determines the product
bundle gerbe (where Ypi ×pi′ Y
′ is the fibre product).
Note that a projective cocycle g with values in PU(k) not just determines a bundle gerbe but
contains some additional information. More precisely, it gives rise to a module over the bundle
gerbe L = g∗(ϑk, 1) (27). Its construction is based on the following proposition.
Proposition 25. A map ϕ : X → PU(k) is nothing but an isomorphism
(31) ϕ̂ : ϕ∗(ϑk, 1)⊗ C
k → X × Ck.
Proof. By definition, the total space ϑk, 1 is the set of equivalence classes [g, l] of pairs
(g, l), (g, l) ∼ (gu, u−1l), where g ∈ U(k), u ∈ U(1), l ∈ C. Then for ϕ = id, X = PU(k)
isomorphism (31) is defined as follows:
[g, l]⊗ w 7→ (g¯, g(l⊗ w)),
where w ∈ Ck, g¯ = χk(g) ∈ PU(k). 
Applying this proposition to the projective cocycle g = {gαβ}, we obtain isomorphisms
ĝαβ : Lαβ ⊗ C
k
∼=
→ Uαβ × C
k
(recall that Lαβ = g
∗
αβ(ϑk, 1)). Let Eα → Uα be trivial bundles Uα × C
k. Thus we have isomor-
phisms ĝαβ : Lαβ ⊗ Eβ
∼=
→ Eα over Uα ∩ Uβ . The cocycle condition gαβgβγ = gαγ gives rise to the
“associativity” condition
Lαβ ⊗ Lβγ ⊗Eγ
id×ĝβγ
//
θαβγ×id

Lαβ ⊗ Eβ
ĝαβ

Lαγ ⊗Eγ
ĝαγ
// Eα
over Uα ∩ Uβ ∩ Uγ .
Following [4], denote the set (in fact, the semi-group) of isomorphism classes of bundle gerbe
modules over L = (L, Y ) by Mod(L). The corresponding Grothendieck group K(L) is the twisted
K-theory group Kd(L)(X) [4].
For example, if d(L) = 0, we have an isomorphism Mod(L) ∼= Bun(X) with the semi-group
Bun(X) of all isomorphism classes of vector bundles over X . Note that this isomorphism is not
canonical, but depends on the choice of a trivialization of L, i.e. on isomorphisms Lαβ ∼= L
∗
α⊗Lβ
for line bundles Lα → Uα. Hence even in case of trivial L we can not canonically identify L-modules
and vector bundles over X .
How one can describe Mod(L)? The above discussion shows that there is a close relation between
projective bundles and bundle gerbe modules. The precise statement is that
(32) Mod(L)/Pic(X) ∼= Pro(X, d(L)),
the quotient set of Mod(L) by the (obvious) action of Pic(X) is Pro(X, d(L)), the set of all
isomorphism classes of projective bundles over X with class d(L) (see [4], Proposition 4.4.).
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The outlined results concerning abelian bundle gerbes and their modules will serve as a guideline
for our generalization.
As above, let U = {Uα}α∈A be an open cover of a compact space X , Y = YU the disjoint union
of all the elements in the open cover, π : Y → X the corresponding projection, Y [2] = Y ×pi Y the
fibre product. In our generalization the monoid Frkl∞, l∞ will play the same role as the projective
group PU(k) in the just described abelian case. According to [20], the local description of a
fibration with a structural monoid can be given by a homotopy transition cocycle g.
Let us introduce further notation for specific maps between spaces Frklm, ln. By ι denote maps
(33) Frklm, ln → Frklm, ln+1, h 7→ i ◦ h,
where h ∈ Homalg(Aklm, Aklm+n) = Frklm, ln (see (19)) and i : Aklm+n →֒ Ml(Aklm+n) = Aklm+n+1 is
the inclusion in filtration (19). In the matrix form we have i(a) = diag(a), where a ∈ Aklm+n .
So, firstly, we have a collection of functions gαβ : Uα ∩Uβ → Frkl∞, l∞ . For simplicity we assume
that these functions take values in the subspace Frk, l ⊂ Frkl∞, l∞ , i.e. in fact gαβ : Uα∩Uβ → Frk, l.
Note that below we make the analogous assumption for homotopies gαβγ, etc.
Denote Uα0 ∩ . . . ∩ Uαn by Uα0···αn for short. So, for any ordered pair {α, β} ∈ A
2 we have a
map gαβ : Uαβ → Frk, l . On triple intersection Uαβγ we have the composition
Ml(gαβ) ◦ gβγ : Uαβγ → Frk, l2,
where Ml(gαβ) : Uαβ → Frkl, l, Ml(gαβ)(x) = Ml(gαβ(x)), x ∈ Uαβ and “◦” here is induced by the
composition µ : Frkl, l×Frk, l → Frk, l2 of homomorphisms, i.e. Ml(gαβ) ◦ gβγ = µ(Ml(gαβ) × gβγ).
We also have the composition ι ◦ gαγ : Uαγ → Frk, l2, where ι : Frk, l → Frk, l2 as above.
Under our assumption there is a homotopy
gαβγ : Uαβγ × I → Frk, l2 , gαβγ |Uαβγ×{0} = Ml(gαβ) ◦ gβγ, gαβγ|Uαβγ×{1} = ι ◦ gαγ |Uαβγ .
On 4-fold intersections Uαβγδ we have the diagram of homotopies:
Ml2(gαβ) ◦Ml(gβγ) ◦ gγδ
Ml(gαβγ)◦gγδ
//
Ml2 (gαβ)◦gβγδ

Ml(ι ◦ gαγ) ◦ gγδ = Ml(ι) ◦Ml(gαγ) ◦ gγδ
Ml(ι)◦gαγδ

Ml2(gαβ) ◦ ι ◦ gβδ = ι ◦Ml(gαβ) ◦ gβδ
ι◦gαβδ
// ι ◦ ι ◦ gαδ = Ml(ι) ◦ ι ◦ gαδ.
The equality in the low left corner of the diagram follows from the equality Ml(h) ◦ i = i ◦ h (cf.
(33)). Note that Ml(ι) 6= ι but ι ◦ ι = Ml(ι) ◦ ι hence the equality in the low right corner and
therefore two compositions of homotopies depicted on the above diagram are homotopies between
maps
Ml2(gαβ) ◦Ml(gβγ) ◦ gγδ and ι ◦ ι ◦ gαδ : Uαβγδ → Frk, l3 .
We assume that there is a homotopy
gαβγδ : Uαβγδ × I
2 → Frk, l3
such that
gαβγδ|Uαβγδ×I×{0} = Ml(gαβγ) ◦ gγδ|Uαβγδ×I ,
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gαβγδ|Uαβγδ×I×{1} = ι ◦ gαβδ|Uαβγδ×I ,
gαβγδ|Uαβγδ×{0}×I = Ml2(gαβ) ◦ gβγδ|Uαβγδ×I ,
gαβγδ|Uαβγδ×{1}×I = Ml(ι) ◦ gαγδ|Uαβγδ×I .
The general pattern now should be clear. We should consider a collection of “higher” homotopies
gα0···αn : Uα0···αn × I
n−1 → Frk, ln
which are compatible with gα0···α̂k ···αn in the obvious way.
Now we are ready to define a homotopic analog of bundle gerbes. One can say that homotopy
bundle gerbes are in the same relation to bundle gerbes as homotopy transition cocycles to usual
transition cocycles (for projective bundles). Recall (see Proposition 12) that there is a canonical
Mln(C)-bundle Bklm, ln → Frklm, ln , Bklm, ln = PU(kl
m+n) ×
PU(ln)
Mln(C). Let
Bα0···αn → Uα0···αn × I
n−1
be the pullback of Bk, ln → Frk, ln via gα0···αn : Uα0···αn×I
n−1 → Frk, ln, i.e. Bα0···αn := g
∗
α0···αn(Bk, ln).
So Bα0···αn is an Mln(C)-bundle over Uα0···αn × I
n−1.
For example, we have Ml(C)-bundles Bαβ → Uαβ, Bαβ = g
∗
αβ(Bk, l) over double intersections
Uα ∩ Uβ (cf. (27)). We also have Ml2(C)-bundles Bαβγ → Uαβγ × I, Bαβγ = g
∗
αβγ(Bk, l2) such that
Bαβγ |Uαβγ×{0} = Bαβ ⊗Bβγ |Uαβγ (cf. (21) and (22)) and Bαβγ |Uαβγ×{1} = Ml(Bαγ)|Uαβγ .
Further, we have Ml3(C)-bundles Bαβγδ → Uαβγδ × I
2, Bαβγδ = g
∗
αβγδ(Bk, l3) such that
Bαβγδ|Uαβγδ×I×{0} = Bαβγ ⊗ Bγδ,
Bαβγδ|Uαβγδ×I×{1} = Ml(Bαβδ),
Bαβγδ|Uαβγδ×{0}×I = Bαβ ⊗Bβγδ,
Bαβγδ|Uαβγδ×{1}×I = Ml(Bαγδ)
(cf. the above diagram), and so on.
We call such collection of bundles that are compatible to each other as described above a
homotopy bundle gerbe. In particular, we can regard Bαβγ as an analog of bundle gerbe product
from Bαβ ⊗ Bβγ to Ml(Bαγ) (cf. (28)). Bundles Bαβγδ express (the first of infinite number of)
associativity conditions.
Using the product of monoids
Frktl∞, l∞ ×Frkul∞, l∞ → Frkt+ul∞, l∞
(see (35) in the next section) for two homotopy bundle gerbes (B, Y ), (B′, Y ′) one can define
their product (B⊗B′, Ypi×pi′ Y
′) (cf. (30)). We call a homotopy bundle gerbe (T, Y ) trivial if the
corresponding homotopy transition Frktl∞, l∞-cocycle can be lifted to the total space of the bundle
PU(ktl∞)→ Frktl∞, l∞ (which is the direct limit of principal bundles PU(k
tlm+n)→ Frktlm, ln with
fibers PU(ln)). Now we can define the stable equivalence relation on the set of homotopy bundle
gerbes by analogy with (29).
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It was shown in [4] that there is an “analysis-free” definition of twisted K-theory by means
of bundle gerbe modules. We have already seen above that such modules can be constructed
by projective cocycles. In our situation we can assume that there is the similar relation to the
appropriate notion of a “homotopy bundle gerbe modules”. Rather than give a general definition
we consider a simple example of (a candidate for) such object below. We start with the following
observation (cf. Proposition 25).
Proposition 26. A map ϕ : X → Frk, l is nothing but an isomorphism
(34) ϕ̂ : B ⊗Mk(C) ∼= X ×Mkl(C),
where B
Ml(C)
−→ X is the pullback ϕ∗(Bk, l).
Proof. Recall that Bk, l = PU(kl) ×
PU(l)
Ml(C), i.e. elements of Bk, l are equivalence classes of pairs
(g, a), where (g, a) ∼ (gu, u−1a), g ∈ PU(kl), u ∈ PU(l) = Ek ⊗ PU(l) ⊂ PU(kl), a ∈ Ml(C).
By [g, a] ∈ Bk, l we denote the corresponding equivalence class. Then isomorphism (34) for ϕ =
id, X = Frk, l is defined by
[g, a]⊗ b 7→ (g¯, g(a⊗ b)),
where b ∈Mk(C) and g¯ ∈ Frk, l is the coset {gu | u ∈ PU(l) = Ek ⊗ PU(l) ⊂ PU(kl)}. 
Note that a trivialization of B is equivalent to a lift of ϕ to X → PU(kl) in the fibration
PU(l)→ PU(kl)→ Frk, l .
Let U = {Uα}α∈A be an open cover of a compact space X . Suppose that there are trivial
Mk(C)-bundles Aα → Uα with given trivialization. Applying the previous proposition, we see
that the homotopy transition cocycle g defines isomorphisms
ĝαβ : Bαβ ⊗ Aβ ∼= Ml(Aα)
(cf. the discussion after Proposition 25), where the trivializationMl(Aα) ∼= Uα×Mkl(C) is defined
by the trivialization of Aα. Note that the map
gαβγ : Uαβγ × I → Frk, l2 , gαβγ |Uαβγ×{0} = Ml(gαβ) ◦ gβγ, gαβγ|Uαβγ×{1} = ι ◦ gαγ |Uαβγ .
defines the map
ĝαβγ : Bαβγ ⊗ Aγ →Ml2(Aα)
which is a homotopy (through isomorphisms) between the composition
Bαβ ⊗ Bβγ ⊗Aγ
1⊗ĝβγ
−→ Bαβ ⊗Ml(Aβ) ∼= Ml(Bαβ ⊗ Aβ)
Ml(ĝαβ)
−→ Ml2(Aα)
and
Ml(Bαγ)⊗Aγ
Ml(ĝαγ)
−→ Ml2(Aα).
On four-fold intersections Uαβγδ we have a homotopy between homotopies, etc. This collection
of data can be regarded as an analog of a bundle gerbe module over the homotopy bundle gerbe
B := {Bα0···αn}. One can define the notion of isomorphism on such objects, form their direct
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sum with the diagonal “action” of the bundle gerbe and therefore define the corresponding semi-
group (whose Grothendieck group is a candidate to the role of the corresponding twisted K-theory
localized over l), etc.
Let ABl(X) be the group of equivalence classes of matrix algebra bundles with fibers
Mln(C), n ∈ N (it is classified by the H-space BPU(l
∞)⊗). It can be regarded as a “noncommuta-
tive analog” of the Picard group Pic(X) and it acts on the set of homotopy bundle gerbe modules.
Then the counterpart of (32) should be the following: Mod(B)/ABl(X) ∼= HTC(X, d(B)), where
HTC(X, d(B)) is the set of equivalence classes of homotopy transition cocycles corresponding to
the stable equivalence class of the homotopy bundle gerbe B.
Remark 27. For the sake of clarity we have considered the “projective” version of homotopy bundle
gerbes and modules with matrix algebas as fibers. But in order to define twisted K-theory one
should consider “linear” version replacing Bklm, ln → Frklm, ln by vector bundles ϑklm, ln → Frklm, ln
(see (12)), etc.
Remark 28. In fact, the assignment to the homotopy transition cocycle g the stable equivalence
class of the corresponding homotopy bundle gerbe B corresponds to the projection in the fibration
BU(kl∞)→ BFrkl∞, l∞ → B(BU(l
∞)⊗),
i.e. d(B) ∈ H3(X, Z)× bsu1⊗[
1
l
], cf. Remark 29 (and moreover, d(B) has finite order).
8. A generalization of the Brauer group
Note that the tensor product of matrix algebras induces the maps
Frktlm, ln ×Frkulr, ls → Frkt+ulm+r , ln+s, (h1, h2) 7→ h1 ⊗ h2.
Taking the direct limits as m, n, r, s→∞ we obtain the monoid homomorphism
(35) Frktl∞, l∞ ×Frkul∞, l∞ → Frkt+ul∞, l∞
and due to the functoriality of the classifying space constructions the corresponding map of clas-
sifying spaces
(36) BFrktl∞, l∞ ×BFrkul∞, l∞ → BFrkt+ul∞, l∞ .
Note that homomorphisms (35) are defined by the tensor product of the direct limits of matrix
algebras
(37) Mktl∞(C)×Mkul∞(C) 7→Mktl∞(C)⊗Mkul∞(C) ∼= Mkt+ul∞(C).
It is easy to see that maps (36) define the structure of an H-space on the direct lim-
it BFrk∞l∞, l∞ := lim
−→
t
BFrktl∞, l∞ (the direct limit is induced by the monoid homomorphisms
End(Mktl∞(C)) → End(Mkt+1l∞(C))). Using Proposition 35 one can compute the homotopy
groups of the space BFrk∞l∞, l∞ :
(38) πr(BFrk∞l∞, l∞) = lim
−→
t
Z/ktZ = Z[
1
k
]/Z for r > 0 even and 0 for r odd.
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As we have already mentioned, the monoids Frktl∞, l∞ play in our case the same role as groups
PU(kt) in the “usual” twisted K-theory, therefore the space BFrk∞l∞, l∞ can naturally be consid-
ered as an analog of the H-space BPU(k∞) := lim
−→
n
BPU(kn). We consider BPU(k∞) as an H-space
with respect to the product induced by maps BPU(km)×BPU(kn)→ BPU(km+n) corresponding
to the tensor product of matrix algebras, while (36) are also induced by tensor product (37).
Recall that the k-primary component Brk(X) of the “finite” Brauer group is
coker{[X, BU(k∞)]
Bχ∗
−→ [X, BPU(k∞)]}, where χ : U(k∞) → PU(k∞) is induced by the canon-
ical group epimorphisms χkm : U(k
m) → PU(km), see. (4). Alternatively, it can be defined as
im{[X, BPU(k∞)]
Bψ∗
−→ [X, K(Z, 3)]} (cf. (6)), whence it is just H3k−tors(X, Z). It can also be
interpreted as the group of obstructions for the lift (= the reduction of the structural group) of
PU(km)-bundles to U(km)-bundles.
Note that there is the H-space homomorphism BU(k∞l∞) → BFrk∞l∞, l∞ induced by the
composition of homomorphisms U(ktl∞) → PU(ktl∞) with inclusions PU(ktl∞) → Frktl∞, l∞
of the subgroups of automorphisms of Mktl∞(C) to the monoids of endomorphisms. Thus it
is natural to define the k-primary component of the generalized Brauer group as GBrk(X) :=
coker{[X, BU(k∞l∞)] → [X, BFrk∞l∞, l∞ ]}. The new part of the generalized Brauer group com-
paring with the “classical” one consists of those (classes of) Mktl∞(C)-fibrations whose structural
monoid End(Mktl∞(C)) can not be reduced to the group Aut(Mktl∞(C)) ⊂ End(Mktl∞(C)).
As a justification of our definition let us note that the fibration induced from ˜Fredktl∞(H) →
BFrktl∞, l∞ (see (26)) by the map BU(k
tl∞)→ BFrktl∞, l∞ is trivial (cf. the discussion at the end
of Section 5). It seems that like the “classical” Brauer group, the generalized one parameterizes
twisted K-theories (cf. the end of Section 1). However in contrast with “classical” it does not
admit a simple cohomological description.
From the purely homotopy point of view the generalized Brauer group is the extension of the
“classical” one by 2-periodicity, as the homotopy groups (38) show. While the unique obstruc-
tion (to reduction of the structural group from PU(km) to U(km)) in the case of the “classical”
Brauer group is the three-dimensional cohomology class in H3tors(X, Z), in case of GBrk there are
obstructions in all odd dimensions (cf. (38)). In this connection note that the homotopy fiber of
the map
(39) BPU(ktl∞)→ BFrktl∞, l∞
induced by inclusion of the subgroup PU(ktl∞) →֒ Frktl∞, l∞ , PU(k
tl∞) = Aut(Mktl∞(C)) is the
space Grktl∞, l∞ := lim
−→
m,n
Grktlm, ln , where Grktlm, ln := PU(k
tlm+n)/(PU(ktlm) ⊗ PU(ln)) is the so-
called “matrix Grassmannian” [7].
Remark 29. The fibration
Grkl∞, l∞ → BSU(kl
∞)→ B F˜rkl∞, l∞
relates to the part
bsu0⊗[
1
l
]→ bsu0⊗[
1
l
]→ bsu0⊗(Z/kZ)
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of the exact sequence for the generalized cohomology theory {bsun⊗}n (see the Introduction) cor-
responding to the coefficient sequence
0→ Z[
1
l
]
·k
→ Z[
1
l
]→ Z/kZ→ 0.
In fact, our new twistings correspond to the coboundary map δ : bsu0⊗(Z/kZ) → bsu
1
⊗[
1
l
] (while
“classical” ones of finite order k correspond to the coboundary map H2(X, Z/kZ)→ H3(X, Z)).
Remark 30. Note that Frklm, ln is the total space of the principal PU(kl
m)-bundle PU(klm) →
Frklm, ln → Grklm, ln . There is the commutative diagram (cf. (18))
(40)
Frklm+n, lr ×Frklm, ln //

Frklm, ln+r

Frklm+n, lr ×Grklm, ln // Grklm, ln+r
which defines the action of the monoid Frkl∞, l∞ on Grkl∞, l∞ and there is the equivalence
EFrkl∞, l∞ ×
Frkl∞, l∞
Grkl∞, l∞

≃ BPU(kl∞)

BFrkl∞, l∞ BFrkl∞, l∞
of Grkl∞, l∞-fibrations.
Remark 31. In this remark we establish a relation to constructions from paper [8]. Let Aunivklm →
BPU(klm) be the universal Mklm(C)-bundle. Applying the functor Homalg(. . . , Mklm+n(C)) to it
fiberwisely we obtain the Frklm, ln-bundle
(41)
Frklm, ln // Hklm, ln(A
univ
klm )

BPU(klm).
Its total space Hklm, ln(A
univ
klm ) is homotopy equivalent to Grklm, ln [8]. Moreover, (homotopy class-
es of) lifts in (41) of a map f : X → BPU(klm) correspond to (homotopy classes of) bundle
embeddings
(42)
f ∗(Aunivklm )
//
$$I
II
II
II
II
X ×Mklm+n(C)
xxqqq
qq
qq
qq
qq
q
X
(note that not every map f has such a lift, see [8]). Applying composition map (18) to (41)
fiberwisely, we obtain
Frklm+n, lr ×Hklm, ln(A
univ
klm )
λ //
))SSS
SSS
SSS
SSS
SSS
Hklm, ln+r(A
univ
klm )
vvnnn
nn
nn
nn
nn
n
BPU(klm)
A MODEL OF THE TWISTED K-THEORY RELATED TO BUNDLES OF FINITE ORDER 25
which is equivalent (under Hklm, ln(A
univ
klm ) ≃ Grklm, ln , Hklm, ln+r(A
univ
klm ) ≃ Grklm, ln+r) on total spaces
to the bottom arrow in (40). Given a map ϕ : X → Frklm+n, lr and a lift f˜ of f in (41) we obtain
some new bundle embedding f ∗(Aunivklm )→ X ×Mklm+n+r(C) corresponding to the composition
X
diag
−→ X ×X
ϕ×f˜
−→ Frklm+n, lr ×Hklm, ln(A
univ
klm )
λ
→ Hklm, ln+r(A
univ
klm ).
Such maps (after taking the direct limit) define the action of the monoid Frkl∞, l∞ on (classes
of) embeddings (42). This gives us an interpretation of the principal Frkl∞, l∞-fibration induced
from the universal one by map (39) (with t = 1).
Note that the existence of an embedding
Ak →֒ X ×Mkl(C)
for Ak
Mk(C)
−→ X implies the triviality of the corresponding End(Mkl∞(C))-fibration Hkl∞, l∞(Ak)→
X .
In order to define a new cohomological obstruction consider the monoid F˜rktl∞, l∞ from Re-
mark 22. An easy calculation shows that H5(B F˜rktl∞, l∞ , Z) ∼= Z/k
tZ and this class is the first
obstruction to the reduction of the structural monoid to the group SU(ktl∞).
Note that the important feature of the classical Brauer group is its relation to the Morita-
equivalence of C∗-algebras [15]. More precisely, there is another (equivalent, see Definition 3.4
in [1]) definition of the “usual” twisted K-theory as the K-theory of continuous-trace algebras of
sections of locally trivial algebra bundles with fibers K(H) ⊂ B(H) (whose local triviality follows
from Fell’s condition) with the structural group PU(H). In our case we have bundles of algebras
with fibers Mkl∞(C) with the structural monoid Frkl∞, l∞ which are locally homotopy trivial. It
seems to be an interesting task to investigate the relation of the generalized Brauer group to the
Morita-equivalence of such bundles.
9. Appendix 1: Homotopy groups, etc.
Lemma 32. The homotopy groups of the space Frklm, ln up to dimension ∼ 2l
n are as follows:
πr(Frklm, ln) = Z/kl
mZ for r odd and 0 for r even.
Proof follows from the homotopy sequence of principal fibration (12) together with the Bott
periodicity for unitary groups. 
Note that the Bott periodicity allows us to compute homotopy groups in the previous Lemma
only up to dimension ∼ 2ln. In what follows such homotopy groups will be called “stable”.
Unital homomorphisms of matrix algebras induce maps Frklm, ln →֒ Frklt, lu for all t ≥ m, u ≥ n.
We want to obtain some information about the direct limit lim
−→
m,n
Frklm, ln .
Lemma 33. The maps Frklm, ln → Frklm+1, ln induce the injective homomorphisms of stable homo-
topy groups.
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Proof. Consider the morphism of homotopy sequences of principal fibrations (12)
U(ln) //

U(klm+n) //

Frklm, ln

U(ln) // U(klm+n+1) // Frklm+1, ln
which in stable odd dimensions gives the commutative diagram
0 // Z
·klm //
=

Z //
·l

Z/klmZ //

0
0 // Z
·klm+1// Z // Z/klm+1Z // 0,
whence we get the injective homomorphisms
πr(Frklm, ln)→ πr(Frklm+1, ln), Z/kl
mZ→ Z/klm+1Z, α (mod klm) 7→ lα (mod klm+1)
in odd stable dimensions. 
Lemma 34. The maps Frklm, ln → Frklm, ln+1 induce the following homomorphisms of stable ho-
motopy groups in odd dimensions:
πr(Frklm, ln)→ πr(Frklm, ln+1), Z/kl
mZ→ Z/klmZ, α (mod klm) 7→ lα (mod klm).
Hence such a homomorphism has the kernel ∼= Z/kZ.
Proof. Again, consider the morphism of homotopy sequences of principal fibrations (12)
U(ln) //

U(klm+n) //

Frklm, ln

U(ln+1) // U(klm+n+1) // Frklm, ln+1
which in odd stable dimensions turns into the commutative diagram
0 // Z
·klm //
·l

Z //
·l

Z/klmZ //

0
0 // Z
·klm // Z // Z/klmZ // 0
gives us homomorphisms πr(Frklm, ln)→ πr(Frklm, ln+1) as in the statement of the lemma. 
Proposition 35. The homotopy groups of the space lim
−→
m,n
Frklm, ln are as follows: Z/kZ in all odd
dimensions and 0 in all even dimensions.
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Proof follows from the previous lemmas. More precisely, we consider the direct limit of cyclic
groups with respect to the homomorphisms
. . . . . .
Z/klm+1Z
·l //
OO
Z/klm+1Z //
OO
. . .
Z/klmZ
·l
OO
·l // Z/klmZ //
·l
OO
. . . ,
where the horizontal arrows have nonzero kernels. Therefore the l-primary component vanishes
in the direct limit (recall that (k, l) = 1). 
Note that the previous proposition shows the reason of the assumption (k, l) = 1. This guar-
antees the homotopy nontriviality of the space lim
−→
m,n
Frklm, ln .
Proposition 36. The inclusion lim
−→
n
Frk, ln → lim
−→
m,n
Frklm, ln is a homotopy equivalence. Moreover,
the homotopy type of lim
−→
n
Frk, ln does not depend on the choice of l such that (k, l) = 1.
Proof. Clearly, the considered spaces are CW-complexes, therefore it is sufficient to prove their
weak homotopy equivalence. It can be done in analogy with the proofs of the previous lemmas.
More precisely, consider the diagram
Frk, ln //

Frklm, ln

Frk, ln+1 // Frklm, ln+1
and the corresponding diagram of the homotopy sequences in odd stable dimensions (cf. Lemma
32):
Z/kZ
⊂ //
·l

Z/klmZ ∼= Z/kZ⊕ Z/lmZ
·l

Z/kZ
⊂ // Z/klmZ ∼= Z/kZ⊕ Z/lmZ,
where the horizontal arrows are injective according to Lemma 33, and the vertical ones are nilpo-
tent on the l-primary component by Lemma 34.
To prove the second part first suppose that (l, l′) = 1, then Frk, l∞
≃
→ Frk, (ll′)∞
≃
← Frk, l′∞ are
homotopy equivalences. In the case (l, l′) = d > 1 we take l′′ such that (l, l′′) = 1 = (l′, l′′). Then
Frk, l∞
≃
→ Frk, (ll′′)∞
≃
← Frk, l′′∞
≃
→ Frk, (l′′l′)∞
≃
← Frk, l′∞ . 
Lemma 37. The space lim
−→
m,n
U(klm+n)/(U(klm)⊗Eln) is contractible.
Proof. Since this space is a CW-complex, it is sufficient to prove that it is weakly homotopy
equivalent to a point. But this is obvious because the only nontrivial stable homotopy groups in
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odd dimensions map under
U(kl
2n)/(U(kl
n)⊗Eln)→ U(kl
2n+2)/(U(kl
n+1)⊗ Eln+1)
as follows: Z/lnZ→ Z/ln+1Z, α (mod ln) 7→ l2α (mod ln+1). 
10. Appendix 2: Frk∞l∞, l∞ as a classifying space
Let us show that any bundle of order kn in K⊗ can be represented by a map X → Frk∞l∞, l∞ ,
and vice versa.
Consider the fibration
(43) F˜rkm, ln → Grkm, ln
βm,n
→ BSU(km),
where F˜rkm, ln := SU(k
mln)/(Ekm ⊗ SU(l
n)), and the map βm,n is a classifying map for the tau-
tological Mkm(C)-bundle over the matrix Grassmannian Grkm, ln := SU(k
mln)/(SU(km)⊗ SU(ln))
[7]. Now taking the limit in (43) as m, n→∞ with respect to maps induced by the tensor prod-
uct and using the H-space isomorphism lim
−→
m,n
Grkm, ln ∼= BSU⊗ (where the H-space structure on
lim
−→
m,n
Grkm, ln is defined by the maps Grkm, ln ×Grkt, lu → Grkm+t, ln+u induced by the tensor product
of matrix algebras) [7] we see that F˜rk∞, l∞ := lim
−→
m,n
F˜rkm, ln is the homotopy fiber of the localization
map lim
−→
m,n
βm,n : BSU⊗ → BSU⊗[
1
k
]. In particular, for any SU-bundle over X of order kn, n ∈ N a
classifying map has a lift to F˜rk∞, l∞ .
The general case (recall that BU⊗ ∼= K(Z, 2)× BSU⊗) corresponds to the fibration Frk∞, l∞ →
BU⊗ → BU⊗[
1
k
], and Frk∞l∞, l∞ itself is the fiber of the fibration Frk∞l∞, l∞ → BU⊗[
1
l
]→ BU⊗[
1
kl
]
(cf. (14) and Proposition 36).
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